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A NEW TYPE OF NUMERICAL RADIUS OF OPERATORS ON
HILBERT C∗-MODULE
MARZIEH MEHRAZIN, MARYAM AMYARI AND MOHSEN ERFANIAN OMIDVAR∗
Abstract. In this paper, we define a new concept of numerical range Wo(·) and prove its
basic results. We also define the numerical radius ωo(·) and prove that
ωo(T ) ≤ 9T9 ≤ 2ωo(T ).
1. Introduction and preliminaries
Suppose that B(H) is the set of all bounded linear operators on a complex Hilbert space
H equipped with the operator norm ‖ · ‖. The numerical range and the numerical radius are
defined by
W (T ) = {〈Tx, x〉 : x ∈ H, ‖x‖ = 1},
and
ω(T ) = sup{|〈Tx, x〉| : x ∈ H, ‖x‖ = 1},
respectively. In fact, ω(.) defines a norm on B(H).
It is known that
‖T‖ = sup{|〈Tx, y〉| : x, y ∈ H, ‖x‖ = ‖y‖ = 1}
for each T ∈ B(H), see [8, theorem 2.4.1]
If T ∈ B(H) is a self-adjoint operator, then
‖T‖ = sup{|〈Tx, x〉| : x ∈ H, ‖x‖ = 1} (1.1)
see [2, Theorem 4.4.14]. In this case ‖T‖ = ω(T ).
Gustafson [6, theorem 1.3.1] showed that
ω(T ) ≤ ‖T‖ ≤ 2ω(T ). (1.2)
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This result show that ‖.‖ and ω(.) are equivalent.
By using (1.1), Kittaneh [9, Theorem 1] proved that
1
4
‖T ∗T + TT ∗‖ ≤ (ω(T ))2 ≤
1
2
‖T ∗T + TT ∗‖. (1.3)
There are several numerical inequalities in the literatur related to inequalities above, see e.g.
[1, 3, 4, 5, 11, 12, 13].
In this paper, we define a new norm, a new concept of numerical range and a new notion
of numerical radius for operators on Hilbert A -modules, where A is an abelian C∗-algebra.
We investigate the above inequalities in the framework of Hilbert A -modules.
Recall that a right pre-Hilbert C∗-module E over a C∗-algebra A (or a right pre Hilbert
A - module) is a linear space which is right A -module equipped with an A -valued inner
product 〈·, ·〉 : E × E → A that satisfies the following properties:
(i)〈x, αy + βz〉 = α〈x, y〉+ β〈x, z〉
(ii)〈x, ya〉 = 〈x, y〉a
(iii)〈x, y〉∗ = 〈y, x〉
(iv)〈x, x〉 ≥ 0; if 〈x, x〉 = 0 then x = 0
for each x, y, z ∈ E , a ∈ A and α, β ∈ C.
A pre Hilbert A -module which is complete with respect to the norm ‖x‖ = ‖〈x, x〉‖
1
2 is
called a Hilbert C∗-module over A , or a Hilbert A -module. Suppose that E and F are
Hilbert A-modules. We define L(E ,F) to be the set of all maps T : E → F for which there
is a map T ∗ : F → E such that 〈Tx, y〉 = 〈x, T ∗y〉 for all x ∈ E , y ∈ F . It is known that T
must be a bounded A-linear map (that is, T is bounded linear map and T (xa) = T (x)a for
all x ∈ E , a ∈ A). If E = F , then L(E) is a C∗-algebra together with the operator norm.
Suppose that A is an abelian C∗-algebra. Recall that a character ϕ on A is a non-zero
∗-homomorphism ϕ : A → C such that ‖ϕ‖ = 1. We denote the set of all characters on A
by τ(A ).
2. Main results
In the rest of the paper we assume that A is an abelian C∗-algebra. We start this section
with the following definition.
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Definition 2.1. Let T ∈ L(E).
9 T9 :≡ sup{ϕ(|Tx|) : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}, (2.1)
where |x| = 〈x, x〉
1
2 .
First we show that 9 · 9 is a norm on E .
If T = 0, it is obvious that 9T9 = 0.
If 9T9 = 0, then for every ϕ ∈ τ(A ) and each x ∈ E such that ϕ(|x|) = 1, we have
ϕ(|Tx|) = 0. We want to show that Tx = 0 for each x ∈ E .
Fix x ∈ E ,
(i) If ϕ(|x|) = 0, then by the Cauchy-Schwarz inequality we have
ϕ(〈Tx, Tx〉) = ϕ(〈T ∗Tx, x〉) ≤ ϕ(〈T ∗Tx, T ∗Tx〉)
1
2ϕ(〈x, x〉)
1
2 ,
thus ϕ(|Tx|) = 0.
(ii) If ϕ(|x|) 6= 0, then by taking y = x
ϕ(|x|)
, we get ϕ(|y|) = 1. By definition 2.1, ϕ(|Ty|) = 0
and so 1
ϕ(|x|)
ϕ(|Tx|) = 0. Thus ϕ(|Tx|) = 0. Since for every ϕ ∈ τ(A ), we have ϕ(|Tx|) = 0.
We conclude that |Tx| = 0 for each x ∈ E . So T = 0.
On the other hand A is an abelian C∗-algebra, then by [7, Theorem 3.6], |x+y| ≤ |x|+ |y|
for each x, y ∈ E .
Thus
|T (x) + S(x)| ≤ |T (x)|+ |S(x)|
for each T, S ∈ L(E) and x ∈ E . Hence
ϕ(|(T + S)x|) = ϕ(|T (x) + S(x)| ≤ ϕ(|T (x)|) + ϕ(|S(x)|)
Now by taking the supremum over x ∈ E and ϕ ∈ τ(A ) with ϕ(|x|) = 1, we get
9T + S9 ≤ 9T 9 + 9 S 9 .
Clearly 9αT9 = |α| 9 T9, for α ∈ C.
Remark 2.1. If E is Hilbert space, then
ϕ(|Tx|) = ϕ(〈Tx, Tx〉
1
2 ) = ϕ(‖Tx‖) = ‖Tx‖ϕ(1) = ‖Tx‖.
Similary ϕ(|x|) = ‖x‖. Hence ‖T‖ = 9T9.
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Theorem 2.2. If E is a Hilbert A -module, then
9T9 = sup{|ϕ(〈Tx, y〉)| : x, y ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = ϕ(|y|) = 1}.
Proof. Let β = sup{|ϕ(〈Tx, y〉)| : x, y ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = ϕ(|y|) = 1}. It is
sufficient to prove that 9T9 = β.
If ϕ ∈ τ(A ) and x, y ∈ E , such that ϕ(|x|) = ϕ(|y|) = 1, then by using the Cauchy-Schwarz
inequality, we get
|ϕ(〈Tx, y〉)| ≤ ϕ(〈Tx, Tx〉)
1
2ϕ(〈y, y〉)
1
2
= (ϕ(|Tx|)2)
1
2 (ϕ(|y|)2)
1
2
= ϕ(|Tx|)
≤ 9T 9 .
Hence β ≤ 9T 9 .
For every ϕ ∈ τ(A ) and x ∈ E , with ϕ(|x|) = 1, we have
ϕ(|Tx|)2 = ϕ(|Tx|2) = ϕ(〈Tx, Tx〉) = ϕ(|Tx|)ϕ
(
〈Tx,
Tx
ϕ(|Tx|)
〉
)
,
where we assume that ϕ(|Tx|) 6= 0. Thus
ϕ(|Tx|) = ϕ
(
〈Tx,
Tx
ϕ(|Tx|)
〉
)
≤ sup{|ϕ(〈Tx, y〉)| : x, y ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = ϕ(|y|) = 1}.
Therefore, ϕ(|Tx|) ≤ β. Hence 9T9 ≤ β. 
Theorem 2.3. If T ∈ L(E) is self-adjoint, then
9 T9 = sup{|ϕ(〈Tx, x〉)| : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}. (2.2)
Proof. Let M = sup{|ϕ(〈Tx, x〉)| : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}. If ϕ ∈ τ(A ) and
T ∈ L(E) is self-adjoint, then by using the Cauchy-Schwartz inequality
|ϕ(〈Tx, x〉)| ≤ ϕ(〈Tx, Tx〉)
1
2ϕ(〈x, x〉)
1
2
= (ϕ(|Tx|)2)
1
2 (ϕ(|x|)2)
1
2 .
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If ϕ(|x|) = 1, then
|ϕ(〈Tx, x〉)| ≤ ϕ(|Tx|)
|ϕ(〈Tx, x〉)| ≤ sup{ϕ(|Tx|) : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}
|ϕ(〈Tx, x〉)| ≤ 9T 9 . (2.3)
By taking supremum over ϕ(|x|) = 1, we get
M ≤ 9T 9 .
Conversely, let ϕ ∈ τ(A ) and x, y ∈ E . Then
ϕ(〈T (x+ y), x+ y〉)− ϕ(〈T (x− y), x− y〉) = 4ϕ(Re〈Tx, y〉).
Hence
|ϕ(Re〈Tx, y〉)| =
1
4
|ϕ(〈T (x+ y), x+ y〉)− ϕ(〈T (x− y), x− y〉)|
≤
1
4
|ϕ(〈T (x+ y), x+ y〉)|+
1
4
|ϕ(〈T (x− y), x− y〉)|
=
1
4
ϕ(|x+ y|2)
∣∣∣∣∣ϕ
(
〈
T (x+ y)
ϕ(|x+ y|)
,
x+ y
ϕ(|x+ y|)
〉
)∣∣∣∣∣
+
1
4
ϕ(|x− y|2)
∣∣∣∣∣ϕ
(
〈
T (x− y)
ϕ(|x− y|)
,
x− y
ϕ(|x− y|)
〉
)∣∣∣∣∣ .
since ϕ(
∣∣∣ x+y
ϕ(|x+y|)
∣∣∣) = ϕ(|x+y|)
ϕ(|x+y|)
= 1, we obtain∣∣∣ϕ(〈 T (x+y)ϕ(|x+y|) , x+yϕ(|x+y|)〉)∣∣∣ ≤ M and ∣∣∣ϕ(〈 T (x−y)ϕ(|x−y|) , x−yϕ(|x−y|)〉)∣∣∣ ≤ M,
whence
|ϕ(Re〈Tx, y〉)| ≤
1
4
M(ϕ(|x+ y|2) + ϕ(|x− y|2)) =
1
4
Mϕ(|x+ y|2 + |x− y|2)
=
1
4
Mϕ(2|x|2 + 2|y|2) =
1
2
Mϕ(|x|2 + |y|2).
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If y = Tx
ϕ(|Tx|)
and ϕ(|x|) = 1, then
∣∣ϕ(Re〈Tx, Tx
ϕ|Tx|
〉)
∣∣ ≤ M
2
ϕ
(
|x|2 +
∣∣ Tx
ϕ(|Tx|)
∣∣2)
=
M
2
ϕ
(
(|x|2 +
|Tx|2
ϕ(|Tx|2)
)
=
M
2
(
ϕ(|x|2) +
ϕ(|Tx|2)
ϕ(|Tx|2)
)
= M.
Hence ∣∣∣∣ 1ϕ(|Tx|)ϕ (Re〈Tx, Tx〉)
∣∣∣∣ =
∣∣∣∣ 1ϕ(|Tx|)Re(ϕ(|Tx|2))
∣∣∣∣
=
∣∣∣∣ 1ϕ(|Tx|)ϕ(|Tx|2)
∣∣∣∣
= ϕ(|Tx|) ≤M.

3. Numerical range and Numerical radius
In this section, we define the numerical range and numerical radius for operators on L(E),
according to the definition of 9 · 9 on L(E).
Definition 3.1. Let T ∈ L(E). Then the numerical range of T is defined by
Wo(T ) = {ϕ(〈Tx, x〉) : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}. (3.1)
The next result represent some of the basic properties for the numerical range.
Theorem 3.2. If T, S ∈ L(E), then
(i) Wo(T
∗) =Wo(T ), where Wo(T ) is conjugate of Wo(T ).
(ii) If α, β ∈ C, then Wo(αT + βIE) = αWo(T ) + β.
(iii) If U ∈ L(E) is unitary, then Wo(UTU
∗) =Wo(T ).
(iv) Wo(T ) ⊆ R if and only if T is self-adjoint.
(v) Wo(T + S) ⊆Wo(T ) +Wo(S).
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Proof. (i)
Wo(T
∗) = {ϕ(〈T ∗x, x〉) : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}
= {ϕ(〈x, Tx〉) : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}
= {ϕ(〈Tx, x〉) : x ∈ E , ϕ ∈ (τ(A ) & ϕ(|x|) = 1}
= {λ¯ : λ ∈ Wo(T )} =Wo(T ).
(ii) It is clear.
(iii) Since ϕ(|x|) = ϕ(|Ux|) = 1, we have
Wo(U
∗TU) = {ϕ(〈U∗TUx, x〉) : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}
= {ϕ(〈TUx, Ux〉) : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}
= {ϕ(〈Ty, y〉) : y ∈ E , ϕ ∈ τ(A ) & ϕ(|y|) = 1}
=Wo(T ).
(iv) If T ∈ L(E) is self-adjoint, then
ϕ(〈Tx, x〉) = ϕ(〈x, Tx〉) = ϕ(〈Tx, x〉)∗ = ϕ(〈Tx, x〉),
which is equivalent to ϕ(〈Tx, x〉) ∈ R.
Conversely, if ϕ(〈Tx, x〉) ∈ R, then ϕ(〈Tx, x〉) = ϕ(〈T ∗x, x〉) i.e. ϕ(〈(T − T ∗)x, x〉) = 0.
Hence 〈(T − T ∗)x, x〉 = 0 for every x ∈ E . Thus T = T ∗.
(v) Since
Wo(T + S) = {ϕ(〈(T + S)x, x〉) : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}
= {ϕ(〈Tx, x〉) + ϕ(〈Sx, x〉) : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1},
and ϕ(〈Tx, x〉) ∈ Wo(T ), ϕ(〈Sx, x〉) ∈ Wo(S), we arrive at the result. 
Definition 3.3. Let T ∈ L(E). Then the numerical radius of T is defined by
ωo(T ) = sup{|ϕ(〈Tx, x〉)| : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}. (3.2)
It is easy to show that ωo(.) is a norm on L(E).
Lemma 3.4. If E is a Hilbert A -module, then for every ϕ ∈ τ(A ), x ∈ E ,
ϕ(|〈Tx, x〉|) ≤ (ϕ(|x|2)ωo(T ) (3.3)
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Proof. For each ϕ ∈ τ(A ) and x ∈ E we have
1
ϕ(|x|2)
∣∣ϕ(〈Tx, x〉)∣∣ = ∣∣ϕ(〈 Tx
ϕ(|x|)
,
x
ϕ(|x|)
〉)
∣∣
hence
1
ϕ(|x|2)
|ϕ(〈Tx, x〉)| ≤ ωo(T ) =⇒ |ϕ(〈Tx, x〉)| ≤ (ϕ(|x|
2)ωo(T ),
since ϕ(| x
ϕ(|x|)
|) = 1. 
In the next result, we show that 9 · 9 and ωo(·) are equivalent.
Theorem 3.5. If T ∈ L(E), then
ωo(T ) ≤ 9T9 ≤ 2ωo(T ). (3.4)
Proof. For every ϕ ∈ τ(A ) and x ∈ E such that ϕ(|x|) = 1, by Theorem (2.2), we have
|ϕ(〈Tx, x〉)| ≤ 9T9,
By getting supremum, we obtain
ωo(T ) ≤ 9T 9 . (3.5)
Fix x, y ∈ E and ϕ ∈ τ(A ).
4|ϕ(〈Tx, y〉)| = |ϕ(〈T (x+ y), x+ y〉 − 〈T (x− y), x− y〉
+ i〈T (x+ iy), x+ iy〉 − i〈T (x− iy), x− iy〉)|
≤ |ϕ(〈T (x+ y), x+ y〉)|+ |ϕ(〈(x− y), x− y〉)|
+ |ϕ(〈T (x+ iy), x+ iy〉)|+ |ϕ(〈T (x− iy, x− iy〉)|,
Thus
|ϕ(〈Tx, y〉)| ≤
1
4
(ϕ(|x+ y|2)ωo(T ) + ϕ(|x− y|
2)ωo(T ) (3.3)
+ ϕ(|x+ iy|2)ωo(T ) + ϕ(|x− iy|
2)ωo(T ))
=
1
4
ωo(T )(ϕ(|x+ y|
2) + ϕ(|x− y|2) + ϕ(|x+ iy|2) + ϕ(|x− iy|2))
=
1
4
(ωo(T )ϕ(2|x|
2 + 2|y|2 + 2|x|2 + 2|iy|2))
= ωo(T )ϕ(|x|
2 + |y|2).
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If ϕ(|x|) = ϕ(|y|) = 1, then ∣∣ϕ(〈Tx, y〉)∣∣ ≤ 2ωo(T ).
Hence
9 T9 ≤ 2ωo(T ). (3.6)

We use some similar strategies as in [9, Theorem 1] to prove the next result.
Theorem 3.6. If T ∈ L(E), then
1
4
9 T ∗T + TT ∗9 ≤ (ωo(T ))
2 ≤
1
2
9 T ∗T + TT ∗ 9 . (3.7)
Proof. Let T = M + iN , where M and N are self-adjoint and T ∗T + TT ∗ = 2(M2 + N2).
Let x ∈ E . From convexity of the function f(t) = t2, we have
|ϕ〈Tx, x〉|2 = |ϕ〈(M + iN)x, x〉|2 = |ϕ〈Mx, x〉+ iϕ〈Nx, x〉|2
= (ϕ〈Mx, x〉)2 + (ϕ〈Nx, x〉)2
≥
1
2
(|ϕ〈Mx, x〉|+ |ϕ〈Nx, x〉|)2
≥
1
2
|ϕ〈Mx, x〉 ± ϕ〈Nx, x〉|2
=
1
2
|ϕ(〈Mx, x〉 ± 〈Nx, x〉)|2
=
1
2
|ϕ〈M ±N)x, x〉|2.
Hence
(ωo(T ))
2 = sup{|ϕ〈Tx, x〉|2 : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}
≥
1
2
sup{|ϕ〈(M ±N)x, x〉|2 : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}
=
1
2
9 (M ±N)2 9 .
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So
2(ωo(T ))
2 ≥
1
2
9 (M +N)2 9 +
1
2
9 (M −N)29
≥
1
2
9 (M +N)2 + (M −N)29
= 9M2 +N29
=
1
2
9 T ∗T + TT ∗ 9 .
Therefore
(ωo(T ))
2 ≥
1
4
9 T ∗T + TT ∗ 9 .
To prove the right hand inequality, let ϕ ∈ τ(A) and x ∈ E such that ϕ|x| = 1. From the
Cauchy–Schwartz inequality, we have
|ϕ〈Tx, x〉|2 = (ϕ〈Mx, x〉)2 + (ϕ〈Nx, x〉)2
≤ ϕ〈Mx,Mx〉ϕ〈x, x〉 + ϕ〈Nx,Nx〉〉ϕ〈x, x〉
≤ ϕ〈Mx,Mx〉ϕ|x|2 + ϕ〈Nx,Nx〉〉ϕ|x|2
= ϕ〈Mx,Mx〉 + ϕ〈Nx,Nx〉
= ϕ〈M2x, x〉+ ϕ〈N2x, x〉
= ϕ〈(M2 +N2)x, x〉.
Hence
(ωo(T ))
2 = sup{|ϕ〈Tx, x〉|2 : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}
≤ sup{|ϕ〈(M2 +N2)x, x〉| : x ∈ E , ϕ ∈ τ(A ) & ϕ(|x|) = 1}
= 9M2 +N29
=
1
2
9 T ∗T + TT ∗9,
which complete the proof. 
Example 3.7. Let X be a compact Hausdorff space and E = A = C(X). Then C(X) is a
Hilbert C(X)-module, such that 〈f, g〉 = f¯g for each f, g ∈ C(X). Let ϕ ∈ τ(C(X)). Then
by Theorem 2.1.15 in [10], there exists x ∈ X such that ϕ = ϕx, where ϕx(f) = f(x) for
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each f ∈ C(X).
Thus
9T9 = sup{ϕ(|Tf |) : f ∈ A , ϕ ∈ τ(A ) & ϕ(|f |) = 1}
= sup{|Tf |(x) : f ∈ A , ϕ ∈ τ(A ) & |f |(x) = 1}
= sup{|Tf(x)| : f ∈ A , ϕ ∈ τ(A ) & |f(x)| = 1}.
Also
sup{|ϕ(〈Tf, g〉)| : f, g ∈ A , ϕ ∈ τ(A ) & ϕ(|f |) = ϕ(|g|) = 1}
= sup{|ϕ((Tf)g)| : f, g ∈ A , ϕ ∈ τ(A ) & ϕ(|f |) = ϕ(|g|) = 1}
= sup{|Tfg(x)| : x ∈ E , f, g ∈ A , ϕ ∈ τ(A ) & |f |(x) = |g|(x) = 1}
= sup{|Tf(x)||g(x)| : x ∈ E , f, g ∈ A , ϕ ∈ τ(A ) & |f |(x) = |g|(x) = 1}
= sup{|Tf(x)| : x ∈ E , f ∈ A , ϕ ∈ τ(A ) & |f(x)| = 1}
= sup{|Tf(x)| : x ∈ E , f ∈ A , ϕ ∈ τ(A ) & |f(x)| = 1}.
Hence
9T9 = sup{|ϕ〈Tf, g〉| : f, g ∈ A , ϕ ∈ τ(A ) & ϕ(|f |) = ϕ(|g|) = 1}
= sup{|Tf(x)| : x ∈ E , f, g ∈ A , ϕ ∈ τ(A ) & |f(x)| = 1}.
If T is self-adjoint, then
9T9 = sup{|ϕ(〈Tf, f〉)| : f ∈ A , ϕ ∈ τ(A ) & ϕ(|f |) = 1},
whence
ωo(T ) = 9T 9 .
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